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Flutter of Coaxial Cylindrical Shells in an Incompressible
Axisymmetric Flow

THOMAS S. DAVID*
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The coalescence type of flutter of a long rotating cylindrical shell with its outer surface exposed to a general
in vise id, incompressible, fully developed (axially), axisymmetric flow with vanishing radial velocity component is
considered. The flow is governed by perturbation theory. The cylinder response is described by classical shell
equations. Analytical solutions are obtained for the special cases of flows with uniform axial velocity, but the
tangential velocity is: 1) represented by a coaxial, potential vortex, or 2) varying linearly with radius. Numerical
solutions are presented for more general flows. The flutter speed and flutter frequency are compared with
available experimental data.
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Nomenclature
= radius of inner shell
= arbitrary constants in the solution to f(r)

= radius of outer shell
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see Eq. (22)
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dtj = see Eq. (22)
E = Young's modulus
/(r) = amplitude of perturbed pressure
/!, /2 = solutions of /(r)
h = shell thickness
k = special tangential velocity profile constant (Vs = k/r, kr)
I = length of shell
[L] = linear operator in shell equation [see Eq. (21)]
Lij = elements of [L]
LIJ~ l = corresponding elements of the inverse of [L]
m = number of half waves in the axial direction
n = number of circumferential waves
p = fluid pressure
r,9,z = cylindrical coordinates
s = surface of shell
t = time coordinate
U, V, W = velocity of fluid in the axial, tangential, and radial directions,

respectively
u,v,w = displacement of an element of shell in the axial, tangential,

and radial directions, respectively
u} v, w = constant amplitudes of u. v. w
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shell density
fluid density
E,/E2
mn/li
Poisson's ratio
frequency of oscillation in radians/sec
angular velocity of shell in radians/sec
Laplacian in cylindrical coordinates
element of flutter determinant
perturbed quantity
steady quantity
nondimensional quantity
refers to inner shell
refers to outer shell

Introduction

THE problem of aeroelastic stability of traveling waves on a
thin-walled nonrotating cylinder subject to an axial flow on

its outer surface has been studied theoretically by Leonard and
Hedgepeth,1 Miles,2 Bolotin,3 and Dowell.4 Srinivasan5 in-
vestigated the problem for a rotating cylinder in a compressible
flow that has, in addition to axial flow, a tangential velocity
component. The waves are assumed to travel both axially and
circumferentially. The tangential velocity was assumed to be
that of a coaxial potential vortex, hence the flowfield could be
represented by a velocity potential. The present paper considers
the problem where the flow is inviscid and incompressible, but
the axial and tangential velocities can have a general profile.

Such investigation is of interest in the design of rotor systems
of jet engines where the swirling flow around a rotor is likely to
be of the general type. An experimental study of this problem
is reported in Ref. 8.

Formulation
The geometrical model which forms the basis for this

analytical study is shown in Fig. 1. The fluid is contained within
the annulus between two rotating flexible thin cylinders of radii
a and b.
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Governing Flow Equations
The fluid is assumed to be incompressible and inviscid. Under

this assumption, the momentum and continuity equations for the
flow in cylindrical coordinates are as follows:

dW V2~
~dz~~~r~
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Let U = Us + u, V = Vs + v, W = Ws + w, p = ps + p, and
Poo = Poo where ( )s is steady part and (~) the perturbed part.
For steady state

d( Y
dt

d( }s

-0

dz

= 0 (axisymmetric)

S

- = 0 (fully developed, axially)

(5)

We also assume that Ws = 0 (small compared with Us or Vs).
Using Eq. (5) and neglecting second-order terms in the per-

turbed quantities, we get from the momentum and continuity
equations
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Eliminating u, v, and w from the last four equations (see
Appendix), we get for the perturbed pressure, p, the governing
equation
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Fig. 1 Mathematical model.

where
^ dv^
7+ "dr

\d

Equation (10) is the required differential equation for p.

Boundary Conditions
Equation (10) is second order in r and thus we need two

boundary conditions on p in the r direction. These boundary
conditions are

DS/Dt = Q at r = a,b (11)
where S = surface of shell and D/Dt = derivative (total). After
developing Eq. (11) to the first order in the perturbed quantities,
we get

5wi Vsdwi rr^wi~]—— + — —- + Vs —-\ at r = a
dt r dO d z ]

a ' *n ' - * ' at r = bdt r dv dz
where w l t w2 are radial displacement of the inner and outer
shell, respectively. Equations (6) and (7) can be written as

Poo[5]w - 2p^(Vs/r)v = - (dp/dr) (13)
poo[#]B + Poo Aw = - (\/r)(dp/d9)

Equation (12) can be written as
vv =
w =

From Eqs. (15) and (13)

Poo[£]2w2 -:
From Eqs. (15) and (14)

at r = a
at r = b

Vs dp
, — v= — — at r = ar or

Vs dp
, — v= - ~ at r = b

r dr

I dp--— at r = (r do

(14)

(15)

(16)

(17)

Substituting v from Eq. (17) into Eq. (16), and noting Eq. (5), we
get

at r =

at r =

(18)
Equations (18) are the two boundary conditions on p in the
r-direction. Equation (JO) has to be solved subject to the
boundary conditions of Eq. (18).
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Class of Solutions
We now consider solutions to Eq. (10), Eq. (18) of the class

described by
Ml =1 M2 =

v2 = v2eifi (19)

with /? = n6 + Az—cot, with A = mTi//! and where /i = length of
inner cylindrical shell, n = tangential wave number, m = axial
half-wave number, and co = frequency of vibration. Also, u, v, and
w represent the axial, tangential, and radial displacement of
shell, M, v, and w are constants, and ( )1? and ( )2 stand for the
inner and outer shell, respectively.

Nondimensionalization
We nondimensionalize with the following quantities: velocity:

C0 = (£i/pmi)1/2 where EI = modulus of elasticity of inner
shell; pmi = density of inner shell; length: a = radius of inner
shell; pressure: EI ; time: a/C0; and density: pmj. In what
follows we retain the same notation for the now nondimensional
quantities.

Introducing the class of solutions of Eq. (19), we get from
Eqs. (10) and (18) in nondimensional form
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and the boundary conditions

- Po

(20)

at r = 1
(21)

where Lif L2 are linear operators, L^-. These operators include
centrifugal and coriolis loadings due to rotation, and may also
be found in Ref. 5.

Method of Solution
We note that Eqs. (20) and (21) together with Eq. (22) lead to

an eigenvalue problem. Using Eq. (22), the boundary conditions
on / [i.e., Eqs. (21)] can be written as

d12/'(l) = 0 at r = l
= 0 at r =

where
C1*=-[p00a3-f2p00KMa]LT3

1
3(l-v1

2)(51

L233(l -

= -a

SE f - Poo a3

at r = l

2
T2]

at r =

d22 = -a
with 61 ~ a/hi where hi = thickness of inner shell, <52 = b//i2
where /i2 = thickness of outer shell, G = Ei/E2, and Ly/ are the
corresponding elements of the inverse of [L].

Let the solution of Eq. (20) be / = a\fi + a 2 f 2 . A nontrivial
solution for a\ and a2 requires the vanishing of the determinant
in Eq. (23)

| A y = 0 U = l , 2 (24)
where

AH = {(C\* — d
Ai2 = {(Ci* — d

A22 = {(C2*-d
If the frequency of vibration co is real, the determinant of Eq. (24)
is also real. Then the solution of Eq. (24) provides the eigenvalues.
A typical plot of such eigenvalues is shown in Fig. 2.

Numerical Solution
The numerical analysis is essentially similar to that used in

Ref. 5. Any two independent solutions /i, /2 to Eq. (20) are
sought by prescribing the following arbitrary conditions at
r = l

= 0 /2'=1
at r = 1

at r = <5
where ( )* denotes differentiation with respect to r, d = b/a, and
a(r) = [-co + (Vs/r)n+ C7*A]. Equation (20) has to be solved for
/(r) subject to the boundary conditions of Eq. (21).

Shell Equations
The usual assumptions of linear, elastic thin-shell theory are

made for the shell equations. For a long thin cylindrical shell
subjected to radial dynamic pressure, these equations are, in
nondimensional form,6

' 0
= ' 0 ^ at r = 1

at r = d

(22)

It = 96 IN
0.0990 LB/IH.3

a = 4.0 IN.
b -- 12.0 IN.

~ (OUTER SHELL RIGID)
•«= 0.436 ^ 10~4 LB/IN.3

-- 0.0 RADS/SEC

Fig. 2 Analytical solution for Vs — constant, Vs = /cr, Ws = 0.
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24 IN. O.D., 5/16 IN. WALL STEEL
1 IH DIA HOLE 8 PLACESr1 IH

J

12 IN NON-ROTATING INNER MODELS
1 8 IN. O.D. * 8 FT LONG

WALL THICKNESSES
0.020 IN. OR 0.032 IN. ALUMINUM

Fig. 3 Experimental model.

For C7S = 0 and Vs given by a profile of Fig. 4, attempt was made
to' integrate Eq. (20) for /lf f2 from r = 1 to r = 6 by Runge-
Kutta method. However, this leads to a numerical integration
problem, when the coefficient of /" becomes zero in the region
of integration. Therefore, the following scheme was used to
obtain the numerical results presented in this paper.

The solutions /i, f2 were obtained from Eqs. (6-9) by a finite
difference scheme. These when expressed using p = f(r)eift and
similar expressions for u = u(r)eift etc., result in four equations in
u(r), v(r), w(r), w', / and /'. At r= 1, / and /' are known,
enabling one to solve for the other four. Knowing w' and
/', w(r), then / can be obtained at the next station, where one
can solve for u(r), v(r), w', and /', and the process repeated at
each station.

The number of stations between r = 1 and r — 6 were (20 x S),
d being 3 in this case. For each tangential velocity profile, a
typical curve such as shown in Fig. 2, is obtained. This leads to
one point on a curve of Fig. 5 or 6. The computing time needed
to obtain each such point was about 30 sec. The calculations were
performed on an IBM 370-168 computer.

Analytical Solutions, Special Cases
Analytical solutions have been obtained for two special

velocity profiles. The first is for Us = V^ (constant), Vs = k/r,
and Ws = 0 (K = constant). This flow condition is irrotational.
Under the assumptions made for the fluid and by invoking
Kelvin's Circulation Theorem,7 it can be shown that the
perturbed velocity field is also irrotational. Hence, the present

8.0 10.0

—— r(INCH)

Fig. 4 Tangential velocity profile for test configuration.
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Fig. 5 Flutter rpm vs reduced velocity. Note: Measured flutter rpm
1800. V\b£l2 not measured. These plots are based on the measured
tangential velocity profiles of Fig. 4; each is represented by its

theory should produce results identical to those for the incom-
pressible case of Ref. 5. From Ref. 5 the perturbed pressure p
based on the unsteady Bernoulli's equation is

p ~ a(r) - #(r) (25)
where

(26)

That Eq. (25) is indeed a solution of Eq. (20) can readily be
checked by direct substitution.

The second solution is for Vs = U^ (constant), Vs = kr,
(k = constant), and Ws = 0. In this case, Eq. (20) reduces to

(27)

where

with
a = [ — co + Kn + 17 oo /] = constant

Solutions to Eq. (27) are
rl if

or

or

\2K\

if \2K\ < |a (28)

n if \2K\= a
where Jn, Yn, In, and Kn are standard Bessel functions, and as
are arbitrary constants.

Solution (28) is plotted in Fig. 2 as a function of K vs co. For
Us* = 0.0303827 (Us = 500 ft/sec), flutter occurs at K = 9.5 x
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Fig. 6 Flutter frequency vs reduced velocity. These plots are based on
the measured tangential velocity profiles of Fig. 4; each is represented

by its (ViVM2).
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10 "3 (giving Vs = 156 ft/sec at the inner shell) and co* = 1.1 x 10 ~3

rads (co = 8.6 cps).

Discussion
The analysis presented in this paper can be used to determine

possible flutter instabilities of a thin, uniform, long cylindrical
shell rotating about its longitudinal axis. The fluid is assumed
to be contained within the annulus, between two coaxial shells.
Because of rotation of one or both shells, the surface of the
inner shell can be subjected to flow conditions which include
tangential velocities in addition to any axial velocities of the
fluid. Such flow conditions may represent in a simplified form
the fluid flow within the annulus of dual-spool rotor systems of
jet engines. The axial velocity and tangential velocities of the
fluid may have a general distribution within the annulus. It is
the latter feature that distinguishes this analysis from that of
Ref. 5, where a potential vortex profile was assumed for the
tangential velocities within the annulus.

The problem is posed as follows. Given 1) all the structural
characteristics of the shells, 2) fluid velocities (i.e., profile forms
for the axial and tangential velocities), and 3) prescribed mode
of vibration of the inner shell, what are the magnitudes of the
tangential velocities (keeping the given profile forms geo-
metrically similar) that will render the inner shell unstable?
Once these magnitudes for the tangential velocities are
determined, then the rpm of the outer shell may be calculated
with due consideration given to the possible loss of fluid speed
as it issues from the outer shell. Such an rpm is designated as
"flutter rpm" and refers to the rotational speed of the outer
cylinder at which the inner cylinder response becomes unstable.
Thus, under given conditions stated above, the analysis deter-
mines the magnitude of the circumferential velocity which, when
perturbed, leads to continuously increasing vibratory amplitudes
(flutter) of the inner shell.

The method of computation is essentially similar to that
described in detail in Ref. 5. For prescribed structural and
fluid conditions, the eigenvalues representing the speeds of
forward and backward traveling waves are computed. The given
tangential velocities are repeatedly changed, but only in
magnitude, preserving the given profile geometrically similar,
until the wave speeds coincide or coalesce. The velocity distri-
butions for the given profile at which coalescence occurs
determines the required distribution of tangential velocities
within the annulus. Based on the magnitude of the tangential
velocity at the location of the outer cylinder, the "flutter rpm"
can be computed. The ideal condition would be that when the
tangential velocity of the fluid and that of the outer cylinder are
the same. But in practice if the fluid issues from an outer
cylinder through holes located on its periphery, some allowance
would have to be made for possible losses. Therefore, the actual
"flutter rpm" is likely to be more than that suggested by the
ideal condition referred to above.

An experimental investigation of the type of flutter in-
stabilities described here was conducted and the details of the
results obtained are contained in Ref. 8. The principal parameters
of physical interest which are used to compare theoretical and
experimental results are 1) "flutter rpm" and 2) flutter frequency.
The latter refers to the vibratory frequency at which the inner
cylinder responds when flutter begins.

Typical results obtained for the test configuration shown in
Fig. 3 are presented in Figs. 5 and 6. The structural and aero-
dynamic parameters for this configuration are the same as those
listed in Fig. 2. The calculations were performed using the
measured tangential velocity of Fig. 4. As measurements were
made at only four locations within the annulus, the dotted lines
shown in Fig. 4 represent possible extensions of the profile in the
close vicinity of the inner shell. These possible extensions are
represented bv the parameter Vi/(bQ2)- The results are plotted

against this parameter. In calculating the "flutter rpm," a pick-
up factor of 80% was used at the outer shell (ratio of VI to outer
shell velocity is 0.8). The experimental "flutter rpm" was 1800.
Had the measurement been Vf/b£l2 = 1-1, the present theory
would predict accurately the experimental value for "flutter rpm."
The results thus indicate that a definite improvement in the
correlation between the predicted "flutter rpm" from this analysis
and experimental observations is possible, provided measure-
ments of the steady-state velocities include those in the close
vicinity of the inner shell. However, there is poor correlation
between the predicted flutter frequency (~10 cps) and the
measured frequency (~65 cps).

Appendix: Derivation of Eq. (9) for p
By taking the divergence of Eqs. (6-8), i.e.,

and using Eqs. (8) and (5) we get
Vs dv dVsv

From Eq. (7)

From Eq. (6)

(A2)

[B]*_2 — D = - — f (A3)
r PW or

Substitution of w from Eq. (A2) into Eq. (A3) and use of Eq. (5)
gives

f , 2KS 1 1 dp 1 dp\B2 + — A \v = - —— [£] "+ — \_A\-f
L r J Poo'" ov Poo dr

Substituting w of Eq. (A2) into Eq. (Al), and using Eq. (5) we get

(A4)

drr r dr
dUs dv 1 dVsd2p \ dUs 32p

2^-if *- -J P^- ^ «2 ^M 3A2 „ „ a_. 's/i 3

Equations (A4) and (A5) are in v and p only. Substituting v
from Eq. (A4) into Eq. (A5), and using Eq. (5) we get (10) for p.
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